Abstract: Ab initio thermodynamic properties, equation of state and phase stability of periclase (MgO, B1-type structure) have been investigated in a broad P-T range (0-160 GPa; 0-3000 K) in order to set a model reference system for phase equilibria simulations under deep Earth conditions. Phonon dispersion calculations performed on large supercells using the finite displacement method and in the framework of quasi-harmonic approximation highlight the performance of the Becke three-parameter Lee-Yang-Parr (B3LYP) hybrid density functional in predicting accurate thermodynamic functions (heat capacity, entropy, thermal expansivity, isothermal bulk modulus) and phase reaction boundaries at high pressure and temperature. A first principles Mie-Grüneisen equation of state based on lattice vibrations directly provides a physically-consistent description of thermal pressure and P-V-T relations without any need to rely on empirical parameters or other phenomenological formalisms that could give spurious anomalies or uncontrolled extrapolations at HP-HT. The post-spinel phase transformation, Mg2SiO4 (ringwoodite) = MgO (periclase) + MgSiO3 (bridgmanite), is taken as a computational example to illustrate how first principles theory combined with the use of hybrid functionals is able to provide sound results on the Clapeyron slope, density change and P-T location of equilibrium mineral reactions relevant to mantle dynamics.
Introduction
Building a reliable mineralogical model for the deep Earth and planetary interiors requires accurate knowledge of thermodynamic properties of the constituent phases at extreme conditions of pressure and temperature in order to obtain meaningful stability relations. Most of the attempts made so far in the literature [1] [2] [3] [4] [5] [6] [7] [8] rely on phase equilibrium models, which are based on the assessment of experimental datasets, while very few of them use first principles data to calculate phase diagrams [9] [10] [11] [12] . However, a full ab initio thermodynamic database for phase equilibria calculation at high pressure and temperature (HP-HT) has not been created yet, even for simple compositional systems. The first step to achieving this goal is predicting the thermodynamic properties of the main mineralogical constituents, and using them to define P-T stability fields and model phase transition and reaction boundaries by Gibbs free energy minimization. This, in turn, provides the energetic ground to understand the role of phase stability on the origin of seismic discontinuities and large-scale geodynamic processes in the deep Earth [13, 14] .
Periclase (MgO with fcc or B1-type cubic structure), along with with silicate perovskites (bridgmanite and Ca-perovskite), is one of the main constituents of the Earth's lower mantle [15] and, much more than silicate perovskites, controls its rheological properties [16] . Due to its simple structure and large stability field, it has always been considered to be a milestone for computational investigation, also because of the possibility of comparing calculations with a great variety of experimental data in a broad range of P-T conditions. Nevertheless, despite this apparent simplicity, MgO could display complex features under HP-HT conditions (like a strong single-crystal elastic anisotropy [17, 18] ), and some aspects related to its thermodynamic and thermophysical properties under those conditions are still poorly defined [19] .
In this work a first principles, comprehensive thermodynamic investigation of MgO is carried out up to HP-HT conditions (i.e., 0-160 GPa; 0-3000 K) using hybrid density functional theory (DFT). Hybrid functionals, such as B3LYP [20] , have been shown to provide excellent results, and a real improvement with respect to pure local density approximation (LDA) and generalized-gradient approximation (GGA) methods with regard to the simulation of elastic, vibrational and thermodynamic properties of insulating solids (such as Mg-Al silicates and oxides) at HP-HT conditions [21] [22] [23] [24] [25] . A comparison between ab initio thermodynamic properties of minerals calculated by hybrid functionals and state-of-the-art experimental results obtained by calorimetry, vibrational spectroscopy and X-ray diffraction techniques has been made by several studies in the literature, which have pointed out that the level of accuracy is within 1%-2%, on average, for the majority of thermodynamic properties [26] [27] [28] [29] [30] [31] [32] [33] . On the other hand, the main sources of error (such as volume overestimate in GGA-based DFT calculations), are usually well-known and under control [34] [35] [36] .
Some key aspects on the thermodynamics of MgO are emphasized in this work. First, a detailed survey on the accuracy of quasi-harmonic lattice dynamics calculations performed on large supercells with the B3LYP hybrid density functional is carried out by comparing the results obtained on thermodynamic and themophysical properties (i.e., heat capacities, entropy, bulk moduli, thermal expansivity, Grüneisen parameter) with selected experimental data and other theoretical calculations. Second, a first principles Mie-Grüneisen equation of state (FPMG-EOS) based on lattice dynamics is developed to provide physically-consistent P-V-T relations for solids at HP-HT conditions and the results are compared with those obtained by the use of a finite strain equation of state (like the 3rd order Birch-Murnaghan EOS). Finally, the computed thermodynamic dataset is used to predict the phase equilibrium boundary of the post-spinel transformation, Mg2SiO4 (ringwoodite) = MgO (periclase) + MgSiO3 (bridgmanite), which is one of the most relevant to the physics of the Earth's interior.
Materials and Methods
Ab initio calculations in this work have been performed with the CRYSTAL14 code [37] by using an all-electron Gaussian-type basis set and the hybrid B3LYP functional [19, 38] . Hybrid functionals, which contain a fraction of exact Hartree-Fock exchange (i.e., 20% in the case of B3LYP) mixed to the GGA exchange-correlation, are widely and successfully used in solid-state chemistry [34, 35] . Magnesium and oxygen are described by (8s)-(511sp)-(1d) and (8s)-(411sp)-(1d) contractions, respectively. The exponents (in bohr −2 ) of the most diffuse functions are αsp = 0.2245 and αd = 0.50 for Mg, αsp = 0.181 and αd = 0.60 for O. These basis functions have been optimized and successfully used in previous works on magnesium silicates [23, 28, 31, 33] .
The level of accuracy in evaluating the Coulomb and Hartree-Fock exchange series is controlled by five parameters [37] , for which the 8 8 8 9 18 values are used here. The threshold on the self-consistent field (SCF) energy is set to 10 −8 Hartree for geometry optimization and equation of state calculation, and to 10 −10 Hartree for computation of vibrational frequencies. The reciprocal space is sampled according to a regular sublattice of k-points according to the Monkhorst-Pack scheme [39] . The sampling of electronic states in the reciprocal space is defined by a shrinking factor set to 8 (along the three lattice vectors) [37] , corresponding to 29 independent k vectors in the irreducible part of the Brillouin zone (BZ). The DFT exchange-correlation contribution is evaluated by numerical integration over the unit cell volume. In CRYSTAL, radial and angular points of the grid are generated through Gauss-Legendre radial quadrature and Lebedev two-dimensional angular point distributions. A (75,974)p grid is used, corresponding to a pruned grid with 75 radial and 974 angular points (see [37] for details). Accuracy in the integration can be estimated by the error Δe on the integrated electronic charge density in the unit cell (i.e., Δe = 4 × 10 −5 on a total of 20 electrons per unit cell).
Geometry optimization is performed by using analytical energy gradients with respect to atomic coordinates and unit cell parameters within a quasi-Newton scheme combined with the Broyden-Fletcher-Godfarb-Shanno (BFGS) algorithm for Hessian updating [40] [41] [42] . Convergence is tested on the root-mean-square (RMS) and the absolute value of the largest component of both the gradients and nuclear displacements. The thresholds for RMS forces and nuclear displacements are set to 0.00015 a.u. and 0.0001 a.u., which are 2 and 10 times more severe than the default values, respectively [37] .
The calculation of the vibrational frequencies at the Γ point of the BZ (i.e., k = 0) is performed within the harmonic approximation by constructing the mass-weighted Hessian matrix via numerical integration of the analytical gradients with respect to the atomic Cartesian coordinates (see [43] for further details). The optimized equilibrium geometry is taken as reference for the calculation of vibrational frequencies. Phonon dispersion calculations at k-points other than Γ are performed on large supercells with a direct-space approach [44, 45] , as implemented in the CRYSTAL14 program [37] . The k-point mesh used to sample the reciprocal space in phonon dispersion calculation is different from that used for the electronic states, as it depends from the shape and the size of the adopted supercell. In general, the bigger the supercell, the denser the sampling of the phonon dispersion in reciprocal space. To check the numerical convergence of thermodynamic properties, isotropic supercells of increasing size have been considered (see below): a 5 × 5 × 5 supercell with 250 atoms and 750 normal modes sampled at 125 k-points in the first BZ turns out to be enough to ensure convergence on harmonic thermodynamic functions (e.g., isochoric heat capacity and vibrational entropy) in the whole P-T range.
Mode-gamma Grüneisen parameters (γi), which define the volume dependence of the vibrational frequencies in the framework of the quasi-harmonic approximation (QHA), are computed by least-square fitting of the vibrational frequencies determined at eight different volume conditions (i.e., V/V0 = 0.65, 0.70, 0.75, 0.80. 0.85, 0.90, 0.95 and 1.00). Third-order polynomial fitting turns out to accurately describe the volume dependence of all the vibrational frequencies at different k-points in the first BZ. The same volume conditions are then considered to calculate zero-point correction and thermal pressure contributions and define the full set of P-V-T relations of MgO.
Results and Discussion
Selected results obtained for thermophysical and thermodynamic properties and P-V-T equation of state of periclase in a broad range of P-T conditions (i.e., 0-160 GPa; 0-3000 K) are presented and discussed in the following sections. The computed dataset is then used to simulate the post-spinel reaction boundary, Mg2SiO4 (ringwoodite) = MgO (periclase) + MgSiO3 (bridgmanite), and hence to test the capability of ab initio thermodynamic data to predict reliable phase equilibria under deep Earth conditions.
Thermal Expansion and Thermophysical Properties
Thermophysical properties of solids can be derived by the statistical mechanics analysis of vibrational modes of the crystal lattice [46] . The Helmholtz free energy, F(V,T), for instance, can be expressed as:
where U0(V) is the static energy calculated at different volumes (the so-called "potential well"); h and k are the Planck and Boltzmann constants, respectively; n represents the number of atoms in the (primitive) unit cell of the crystal; νi is the frequency of the i th vibrational mode in the crystal lattice; and
is the zero-point correction energy related to the atomic vibrations at T = 0 K. By applying the thermodynamic identity:
we obtain the following expression of the product αKT (i.e., the coefficient of volume thermal expansion or thermal expansivity, α, times the isothermal bulk modulus, KT):
where R = kN0 is the universal gas constant (N0 is the Avogadro number); Z is the number of unit formula in the (primitive) unit cell; V is the molar volume (in J/bar); Xi is the adimensionalized frequency, defined as:
and γi is the the mode-gamma Grüneisen parameter of the i th vibrational mode of the crystal lattice, defining its volume dependence in the framework of quasi-harmonic approximation (QHA) [47] , i.e., V ln
If the summation in Equation (4) is taken over all the vibrational modes sampled at discrete k-points in the first BZ, Equation (4) can be rewritten as:
Both the effect of phonon dispersion and the contribution of the acoustic modes are thus straightforwardly included in Equation (7) .
The values calculated for the product αKT of MgO are shown in Figure 1 . The ab initio quasi-harmonic calculation reproduces well the experimental data [48, 49] and thermodynamic assessments [50, 51] up to the Debye temperature of the phase (i.e., ΘD = 945 K); then, a deviation occurs due to a common drawback of QHA at low-pressure and high-temperature conditions. In particular, while experimental observations point out a decrease of αKT values beyond T ≈ 1000 K, ab initio results attain an asymptotic value due to the functional form of Equation (4) or (7).
Once the values of the product αKT are known, thermal expansivity (α) can be calculated from the values of KT (i.e., the isothermal bulk modulus at dicrete T conditions). The latter can be obtained by fitting F-V-T (or P-V-T) values according to:
So, once free energies at different volumes are available (cf. Equation (1)), one can proceed with the finite difference calculation of the second derivatives of the free energy to derive KT. In principle, this should be the best choice, but a practical problem is that the amount of F-V-T data to fit is usually not so high, due to the high computational cost of full phonon dispersion calculations. Another problem is that the definition of K′T (i.e., the T-dependence of the bulk modulus pressure derivative or, in other words, the mixed P-T derivative of the bulk modulus) is often poor, and is affected by large uncertainties [52] , so that K′ is often assumed to be independent of temperature (which is not always the case). There are two different ways to overcome these problems. The first is to use the polynomial functions which define the mode-gamma Grüneisen parameters in Equation (6) to fit the vibrational frequencies under any volume conditions, and then to detail the grid of F-V-T (or P-V-T) data. The second is to use a phenomelogical EOS formalism (like the 3rd-or 4th-order Birch-Murnaghan equation of state, BM3-EOS or BM4-EOS) to fit the data and derive the thermoelastic parameters [53, 54] ; this is a common practice in both experimental and computational works [55, 56] and, in principle, allows for the determination of K′T values, too. The basic difference between the two approaches is that the former is mostly numerical, while the latter is fully analytical. Figure 1 . Ab initio B3LYP results for the product αKT of MgO, as compared to experimental data [48, 49] and thermodynamic assessments [50, 51] . ΘD = 945 K is the Debye temperature.
The ab initio results of KT and K′T obtained for MgO in this work, as compared to experimental measurements and other theoretical calculations, are shown in Tables 1 and 2 and Figure 2 .
Ab initio B3LYP values of KT, as obtained by a full phonon dispersion calculation of P-V-T relations fitted with a BM3-EOS (see Section 3.3), are in excellent agreement with the experimental results determined by rectangular parallelepiped resonance technique in the range T = 300-1800 K at P = 1 bar [57] (see Figure 2) . Although theoretical data taken from the literature are quite scattered, B3LYP results compare favorably both with LDA results [58, 59] and semi-empirical molecular dynamics [60] , while GGA values seem to be overestimated over the whole T range [61] (see Table 1 and Figure 2 ). As expected, KT values slightly deviate from MD results beyond T ≈ 2000 K, which roughly corresponds to 2/3 of the melting temperature of MgO [49] . Zero-point vibrational effects on the isothermal bulk modulus turn out to be remarkable, since KT is lowered by ~5.5 GPa (i.e., ~3.3%) with respect to the B3LYP static value (i.e., K0 = 167.01 GPa). The zero-point correction effect on KT is equal to ~6%, ~4.6% and ~2.3% according to LDA [58] , GGA [61] and hybrid WC1LYP [62] calculations, respectively (Table 1) . K′T increases with temperature and the temperature dependence predicted in this work is in good agreement both with LDA calculations [59] and thermodynamic assessments [63] . The effect of zero-point motions is again non-negligible, increasing the static value from 3.95 to 4.01 (Table 2 ). GGA calculations [61] are in good agreement with B3LYP at low temperatures, while they give lower values of K′T in the medium-to high-temperature range. Figure 2 . Ab initio B3LYP isothermal bulk modulus (KT) of MgO. Calculated results in this work are compared to experimental data [57] , other ab initio LDA [58, 59] and GGA [61] calculations and semi-empirical MD simulation [60] .
Thermal expansivity (α) can be simply obtained dividing out the values of the product αKT by the values of KT. In spite of the fact that B3LYP systematically overestimates molar volumes by ~2%, the relative volume thermal expansion (i.e., V/V0) and thermal expansivity (α) at discrete temperatures and ambient pressure are reproduced reasonably well up to 2/3 of the melting temperature (i.e., T ≈ 2000 K), then both start to deviate from the observed trend [49, 64, 65 ] (see Figures 3 and 4a ). The agreement of ab initio B3LYP thermal expansivity with experimental data in the low-T range (i.e., T < 298.15 K) [48, 66] is excellent (see Figure 4b ). The volume thermal expansion coefficient at ambient conditions as calculated in this work (i.e., α0 = 2.97 × 10 −5 K −1 ) fits well the experimental values, the latter being around α0 = (3.12 ± 0.16) × 10 −5 K −1 [49, [64] [65] [66] [67] . The limit of QHA in reproducing thermal expansion at very high-temperature conditions is particularly evident in the values of α ( Figure 4a) ; this is the reason that inflection points in the thermal epansivity function α = f(T) at various pressures have been considered by some authors to be a clue to empirically defining the P-T range of validity of QHA [68] . Nevertheless, it's interesting to note that B3LYP results show a less marked deviation in thermal expansivity at LP-HT with respect to those given by other density functionals (e.g., LDA) (see Figure 4a ). 
Thermodynamic Properties
The calculation of vibrational frequencies (and phonon dispersion) in the harmonic approximation and the mode-gamma Grüneisen parameters in the QHA are the main ingredients also for the computation of thermodynamic properties. If insulating, ordered and stoichiometric crystalline solids (such as MgO) are taken into account, the vibrational contribution is only present in the general partition function [46] . The phonon contribution to the relevant thermodynamic properties, such as Hemholtz free energy (Fvib), internal energy (Uvib), isochoric heat capacity (CV) and entropy (Svib), can thus be determined according to Equation (1) (with νi calculated at different k-points and different volumes) and to the following equations valid for the other thermodynamic functions:
Isobaric heat capacity (CP) and total entropy (S) come out when the anharmonicity contribution is included in Equations (10) and (11), i.e.,
All the other thermodynamic functions (e.g., enthalpy, H; Gibbs free energy, G; etc.) can be derived from the fundamental thermodynamic relations [69] .
Isobaric heat capacity (CP) is a key thermodynamic property for testing the performance of hybrid DFT in predicting the thermodynamic properties of minerals, because ab initio results can be directly compared with calorimetric measurements in the low-T range and up to intermediate temperature conditions. Figure 5a shows the calculated results for CP of MgO at low T (i.e., T < 300 K) as obtained by a phonon dispersion calculation with supercells of increasing size (i.e., 2 × 2 × 2, 4 × 4 × 4 and 5 × 5 × 5). A few facts are noteworthy, when comparing ab initio B3LYP calculations with low-T calorimetric results [48] . First, a 2 × 2 × 2 supercell calculation gives poor agreement with experimental data; this means that the phonon density of states (PDOS) is not adequately described in this case due to insufficient or overly coarse sampling of the reciprocal space. Second, numerical convergence for CP is fulfilled after a 5 × 5 × 5 supercell calculation (which corresponds to a 125 k-points sampling of the first BZ), since the difference between the calculated heat capacity values becomes negligible beyond this critical size. Finally, 5 × 5 × 5 supercell calculations give an accuracy of ~1% or less in the simulation of the heat capacity and thermodynamic properties in the low-T range. This accuracy is well within the experimental uncertainty of current low-T relaxation calorimetry experiments [70] [71] [72] .
Figure 5b shows as ab initio B3LYP phonon dispersion calculations are able to predict experimental CP values determined by differential scanning calorimetry (DSC) [73] or assessed by thermodynamic tabulations (e.g., the NIST-JANAF, [74] ); there is a good agreement up to roughly T ≈ 2000 K, then deviations may occur, essentially due to the QHA overestimation of thermal expansivity (see Section 3.1). This holds also for B3LYP calculations, although the heat capacity overestimation seems to be lesser than that given by other density functionals [58] . The results obtained in the intermediate-to high-temperature range are summarized in Table 3 . In this case, the difference between CP values is relevant up to a 4 × 4 × 4 supercell calculation, then becomes negligible because CV tends to reach the Dulong-Petit limit (i.e., 3nR = 49.89 J/mol × K, where n = 2 is the number of atoms in the unit formula of MgO) and the anharmonic term (i.e., TVα 2 KT) is less sensitive to k-point sampling. Entropy values (S) can be computed by Equations (11) and (13) and directly compared to those obtained by calorimetric measurements at ambient pressure. The standard-state entropy calculated in this work (i.e., S 0 298 = 26.25 J/mol·K) compares fairly well with the tabulated data (i.e., S 0 298 = 26.924 ± 0.08 J/mol·K and S 0 298 = 26.9 ± 0.2 J/mol·K according to [74, 75] , respectively). Most interestingly, Svib(V,T) or S(P,T) can be computed in the whole P-T-V range of interest (i.e., up to lower mantle conditions) and compared to entropy values modelled from vibrational spectroscopy experiments [76] and thermodynamic assessments [50, 77, 78] (see Figures 6a,b) . A decrease of entropy with pressure is obtained from first principles, i.e., (∂S/∂P)T < 0 in the whole P-T range investigated in this work (0-160 GPa; 0-3000 K). This result has important implications for the P-V-T equation of state of periclase, as discussed below. [48] ; (b) calculated results in the whole T range as compared to experimental data by DSC [73] , tabulated values by NIST-JANAF [74] and other ab initio LDA calculations [58] . [76] and thermodynamic assessments [77] ; (b) calculated results along isotherms (i.e., T = 300 K, 500 K, 1000 K, 1500 K and 3000 K), as compared to values modelled from vibrational spectroscopy experiments [76] and thermodynamic assessments [50, 78] .
P-V-T Equation of State (EOS)
An equation of state (EOS) relates all the physical variables that control the free energy of a thermodynamic system, such as temperature (T), pressure (P) and volume (V). Since the nature of the equation of state is phenomenological-namely, intrinsically phase-dependent-there are plenty of formulations proposed in the literature (e.g., Murnaghan, Birch-Murnaghan, Vinet, natural strain, etc.), which rely on different theoretical assumptions [79] [80] [81] [82] . MgO has always been a key phase for testing the performance of different EOS formalisms due to its simple structure and broad stability field [83] [84] [85] [86] . Isothermal equations of state based on finite strain theory, like the third-or fourth-order Birch-Murnaghan EOS (BM3-EOS and BM4-EOS, respectively) [53] , are among the most popular in the Earth Sciences, and have also been applied to high-temperature conditions (HT-BM-EOS) [2] .
The Mie-Grüneisen equation of state (MG-EOS) [87] is perhaps the most straightforward way of describing the P-V-T relations of solids from first principles, as it is firmly grounded on the lattice dynamics theory of crystal lattices [88] . The MG-EOS formalism splits pressure into its different contributions (namely static and vibrational, the latter being in turn split into zero-point correction and thermal contributions):
In the statistical mechanics notation [46] , Equation (14) can be restated as:
If vibrational frequencies at different volumes and mode-gamma Grüneisen parameters are available from ab initio phonon dispersion calculations), then a first principles Mie-Grüneisen equation of state (FPMG-EOS) will be obtained by plugging Xi(k,V) and γi(k,V) values into Equation (15) . Figure 7 and Table 4 show the results obtained for the P-V-T equation of state of periclase, as compared to different kinds of experimental data (i.e., static compression in the diamond-anvil cell, ultrasonic measurements, etc.) [89] [90] [91] [92] [93] [94] [95] [96] [97] , semi-empirical modelling of experimental data [98] [99] [100] and other DFT [59, 61, 101] and MD [60, 84] calculations. The EOS of MgO has been calculated according to Equation (15) in a range of conditions compatible with those realized in the Earth's lower mantle (i.e., P = 0-160 GPa, V/V0 = 0.65-1.00, T = 0-3000 K). Figure 7a displays the calculated results for the EOS at room temperature, and how the P-V-T relations of MgO are perfectly reproduced by means of a first principles Mie-Grüneisen formalism, whether including the zero-point correction term or not (dashed and bold curves in Figure 7a , respectively). It must be noted that ab initio calculations usually make a different choice of the reference state with respect to experimental measurements (i.e., P = 0 GPa, T = 0 K for the former; P = 1 bar, T = 298.15 K for the latter). The effect of the zero-point motions is to slightly raise the P-V-T curve. Ab initio P-V-T data are presented here without any further pressure correction. In other theoretical works, a pressure shift is applied to the calculated values to account for systematic errors of the density functional on volumes. Oganov and Dorogokupets [61] , for instance, apply a pressure shift of about −7.7 GPa to the calculated static pressures to account for the systematic overestimation of lattice parameters by GGA (~1-2%) and to match the experimental unit cell volume in ambient conditions. Wu et al. [59] apply a more limited pressure correction to account for the systematic underestimation of volume by LDA (~0.6%) and to reproduce better the experimental results at LP conditions. Those corrections would be reasonable if the fundamental goal was the use of the first principles thermal EOS as a pressure scale (as in the case of MgO). However, even though B3LYP shares with other GGA functionals the same problem of volume overestimation (~2-3%, as already mentioned in Section 1), the aim of the present work is quite different, being the achievement of a first principles physically-consistent P-V-T dataset for the calculation of ΔG values of mineral reactions and the prediction of univariant phase equilibria at HP-HT conditions (see below). This is why theoretical results as directly provided by Equation (15) are considered throughout this work.
Raising the temperature doesn't affect the accuracy of the simulation, which is still high and compares favorably with MD results [60, 84] at selected high temperatures (i.e., T = 1000 K, 2000 K and 3000 K) and up to the melting point of the substance (see Figure 7b-d) .
Thermal pressures (Pth in Equation (14)) calculated for MgO up to high volume compression (i.e., V/V0 = 0.70) are compared with ambient-pressure experimental data [57] and a thermodynamic assessment [102] in Figure 8 . Furthermore, the thermal pressure values estimated for the lower mantle by different geophysical models [103, 104] are superimposed to the ab initio values of MgO. Some relevant considerations can be inferred from the analysis of Figure 8: (i). ab initio quasi-harmonic thermal pressure, in contrast to thermal expansivity, doesn't display any deviation at P = 0 (i.e., V/V0 = 1.00) and high-temperature conditions (i.e., T > ΘD ≅ 945 K) (see also Section 3.1). This means that Pth is rather insensitive to QHA deviations at LP-HT conditions, at least for what concerns the accuracy of numerical predictions, as already noted in other theoretical works [61, 105, 106] . Thermal pressure is quite insensitive to compression, too, especially in the low-to intermediate-T range; (ii). ab initio quasi-harmonic calculations of thermal pressure reproduce quite well the values assessed from experiments at 1-bar pressure [57, 102] . The slight differences with respect to the values of Isaak et al. [57] and Srivastava [102] at low temperature are due to the constraint Pth (300 K, 1 bar) = 0, assumed to be valid in those works; this assumption lacks a theoretical justification, because thermal vibrations obviously occur already at T = 0 K (zero-point motions), and their effects cannot be disregarded; (iii). Although the lower mantle consists primarily of bridgmanite, the thermal pressure of MgO seems to be representative of that of the lower mantle [103, 104] owing to the peculiar thermoelastic and transport properties of periclase. Lower mantle thermodynamics and rheology are thus largely controlled by periclase and its Fe-bearing analogue (ferropericlase) [16, [107] [108] [109] [110] . Table 4 . Ab initio B3LYP P-V-T EOS of MgO. Reference volume is V0 = 75.762 Å 3 (T = 0 K, P = 0 GPa). (14) and (15) Calculated results of this work are compared to selected experimental data obtained by hydrostatic or quasi-hydrostatic compression in the diamond-anvil cell [90] [91] [92] [93] and ultrasonic measurements [94] [95] [96] [97] . The results of semi-empirical assessments [98, 100] , other ab initio LDA [59] , GGA [61] and empirically-corrected GGA [101] calculations and MD simulations [60, 84] are also shown for comparison. , as compared to ambient-pressure experimental data [57] and a thermodynamic assessment [102] . The thermal pressure values estimated for the lower mantle by different geophysical models [103, 104] are superimposed for comparison. The inset shows thermal pressure values calculated for MgO along a typical lower mantle geotherm taken from [104] .
V/V0 T (K)
The most relevant thermophysical and thermodynamic functions calculated for MgO at P = 1 bar in the range T = 298.15-3000 K are listed in Appendix A (Table A1) .
Phase Equilibrium Calculation at HP-HT: Modelling High-Pressure Effects on Gibbs Free Energy
Thermodynamic equilibrium of a reversible heterogeneous chemical reaction between fixed-composition (i.e., pure) phases at constant T, P is defined by the principle of Gibbs free energy minimization, i.e.,
where ΔGxt, ΔHrxt, ΔSrxt and ΔVrxt are the Gibbs free energy, enthalpy, entropy and volume changes of the reaction, respectively; Pr = 1 bar is the standard-state reference pressure.
A straightforward way to define the phase equilibrium is to compute the Gibbs free energy of all the phases involved in the reaction at T, P in the so-called "explicit form" and then minimize ΔG of reaction at each T-P conditions according to the following equations:
where Tr = 298.15 K is the reference temperature; H 0 298(Tr,Pr) is the standard-state enthalpy of the phase, which at Tr,Pr is equal to the enthalpy of formation from the elements at standard state (i.e., H 0 298 = H 0 f,298 at Tr,Pr); S 0 298(Tr,Pr) is the standard-state entropy; and xi are the stoichiometric coefficients of the reactants and products in the reaction. In Equations (16)- (18) all thermodynamic entities refer to 1 mole of substance.
An alternative strategy for computing the Gibbs free energy of solid phases involved in the reaction is to define their Helmholtz free energy F(V,T) and then the P-V contribution separately by operating a Legendre transformation (i.e., G = F + PV) [69] . The former can be derived directly from phonon dispersion calculations or, alternatively, by integrating the PDOS at the V,T conditions of interest (see Sections 3.1 and 3.2); the latter can be computed from the P-V-T curves which define the Mie-Grüneisen EOS of each phase (see Section 3.3). This procedure is formally correct and physically-consistent in the whole P-T-V range (see below), provided that a proper analytical description of the PDOS for all the phases involved in the equilibrium reaction is available from first principles. Phonon dispersion calculations, such as those presented in this work, are very labor intensive, so they might not be affordable for all the relevant mineralogical phases in thermodynamic databases. This is why Gibbs free energy minimization based on Equations (16)- (18) is usually performed at HP-HT [2] .
The volume-pressure contribution to the Gibbs free energy is the key entity in phase equilibrium calculations at HP-HT [2, 111] . Since pressure is experimentally easier than volume to keep constant in the solid state, the VdP integral in Equation (17) is commonly expressed as a PdV integral and calculated adopting an EOS formalism which relates the P-V-T variables. There are different analytical or numerical procedures to do this (see for instance [112] for details), but the most common way is to use a HT-BM3-EOS [2] . The great advantage in the use of finite strain EOSs to quantify pressure effects on the Gibbs free energy is that they require just ambient-pressure temperature-dependent thermophysical parameters (i.e., volume thermal expansion and isothermal compressibility) to calculate the V(P,T) function. Nevertheless, it has been shown that HT-BM3-EOS is prone to giving spurious effects or anomalous predictions (i.e., negative thermal expansion) at very HP-HT conditions [63, 113] . This has led different authors to develop alternative formulations (more or less empirical) to describe the P-V-T relations of minerals up to planetary interior conditions [4, 63, 78, [113] [114] [115] [116] [117] [118] [119] . Even though negative thermal expansion is obviously possible from a physical point of view as different minerals and compounds display a volume decrease with T not just in the low-P range [25, 120] , this phenomenon is systematically predicted by the HT-BM3-EOS at very HP-HT conditions. In particular, this usually happens beyond a threshold pressure which depends upon the thermophysical properties of the phase (and also on how these properties are defined), but it's typically around 25-30 GPa [63, 113] . Figure 9 shows that using ab initio B3LYP thermophysical parameters (i.e., V0, K0, K′0, α, dK/dT) into a HT-BM3-EOS gives negative volume thermal expansion for MgO at P = 160 GPa (i.e., at conditions compatible with the base of the lower mantle), while the V(P,T) function obtained by a FPMG-EOS (cf. Equation (15)) always has a positive slope over the whole P-T range, as expected for minerals with a close-packed B1-type structure. If the volume thermal expansion is negative, then entropy will increase with pressure by virtue of the Maxwell relation (∂S/∂P)T = -(∂V/∂T)P. This anomalous behavior, which for MgO occurs around 60 GPa, does not occur if lattice vibrations are properly taken into account in the P-V-T EOS, as done by the FPMG-EOS (see Figures 6b and 9) . Therefore a HT-BM3-EOS (and other isothermal finite strain EOSs) should be used with care as P-V-T EOS at very HP-HT conditions, if the thermal or "hot" part of the EOS is not properly integrated with its compression or "cold" part.
Although a HT-BM3-EOS could give spurious predictions at very HP-HT conditions, it will not eventually affect the phase equilibrium calculation if the thermophysical properties of mineral phases involved in the equilibrium reaction are quite similar and differences among them thus cancel out [113] . A simple numerical exercise shows to what extent the adoption of a HT-BM3-EOS or a FPMG-EOS would affect the calculated values of Gibbs free energy of periclase at HP-HT conditions. The delta values calculated for the volume-pressure integral of MgO in Equation (17) by using the two equations of state are plotted against P and T in Figure 10 . The difference turns out to be small (less than 1 kJ/mol) at LP-LT conditions but could sensibly increase (up to few tens of kJ/mol) at HP-HT, namely in the range of conditions where the HT-BM3-EOS could give numerical anomalies in the V(P,T) values. Although there is nothing wrong with fitting P-V-T data with a finite strain EOS like the HT-BM3-EOS to extract thermophysical data such as KT, K′T, etc. (this is a common practice in both experimental and computational works, as already stressed in Section 3.1), it should be noted again that some care is required to avoid physical unsoundness, especially when those data are used to address the problem of phase stability at extreme conditions of P and T. 
Phase Equilibrium Calculation at HP-HT: The Post-Spinel Phase Transformation
It is widely accepted that the disproportionation reaction of olivine with spinel-type structure (ringwoodite) into an assemblage of bridgmanite and ferropericlase (the so called "post-spinel phase transformation") is an appropriate candidate to interpret the 660-km depth global seismic discontinuity in the Earth's mantle [13, 121, 122] . For the magnesium end-member phases this reaction can be written as:
The post-spinel phase change turns out to be consistent with the 660-km mantle seismic discontinuity essentially because the stability field and seismic properties of minerals involved in the equilibrium reaction process are compatible with depth, density contrast and seismic velocity jumps associated with the discontinuity, as derived by seismological models (like the Preliminary Reference Earth Model, PREM) [123] . Owing to its geophysical implications, the Mg2SiO4 post-spinel phase transformations have been investigated by several experimental studies in the last decades [124] [125] [126] [127] [128] [129] [130] [131] [132] [133] [134] [135] . Although experimental results are not consistent with each other concerning the P-T localization of the phase equilibrium boundary, there is general agreement about its most important thermodynamic feature; that is, the negative Clapeyron slope (i.e., dP/dT < 0) or endothermic character (i.e., ∆Hrxt > 0). By virtue of the negative Clapeyron slope, this reaction may cause elevation and depression of the 660-km discontinuity within subducted slabs and the surrounding mantle due to lateral temperature variations, thus working as a potential barrier to the penetration of slabs beneath the mantle transition zone, and favoring stratified convection in the mantle [13] .
The phase equilibrium boundary of post-spinel phase transformation calculated in this work from first principles is shown in Figure 11 . Ab initio B3LYP thermodynamic data for Mg2SiO4 ringwoodite and MgSiO3 bridgmanite have been taken from Ottonello et al. [36] and Belousov [136] , respectively. All the details about the calculation, along with a discussion on the possible effects of equation of state on the phase boundary, are given in Appendix B.
Ab initio B3LYP results show an excellent agreement with the in situ LH-DAC X-ray diffraction study of Shim et al. [128] and the multi-anvil experiments of Ishii et al. [132] , as well as with calculations based on accurate calorimetric measurements by Akaogi and Ito [126] and Akaogi et al. [131] (Figure 11a ; see also Figure A2 in Appendix B). This means that calculated values for ΔH 0 298 and ΔS 0 298 of the post-spinel reaction are consistent with those obtained by calorimetry (see Table 5 ), although a recent study found a lower enthalpy of reaction [134] . The ab initio phase boundary is localized at slightly higher pressures (≈1-2 GPa) than those determined by other HP-HT experiments [124, 127, 129, 130, 133 ] (see Figure 11a) . The calculated Clapeyron slope (i.e., dP/dT = −2.53 MPa/K) agrees well with those obtained by the most part of experimental investigations (ranging from −4.0 to −2.0 MPa/K) [121, [124] [125] [126] [127] 131, 132, 135] , while other works [129, 130, 133, 134] suggest a more gentle slope of the phase boundary (i.e., between −2.0 and −1.0 MPa/K or even less) (see Table 5 ). B3LYP results are in qualitative agreement with previous GGA calculations [137] [138] [139] , whereas LDA [137] severely underestimates transformation pressures of the post-spinel reaction (see Figure 11b) . However, ab initio Clapeyron slopes obtained by this and other DFT studies [137] [138] [139] seem to be consistent with each other, and less sensitive to the exchange-correlation term. The phase equilibrium boundary calculated in this work is also in good agreement with thermodynamic assessments based on lattice dynamical models [4, 10, 140] . The effect of lattice vibrations seems to be crucial to correctly predicting the high-pressure phase transformation; ab initio static enthalpy calculations [137] [138] [139] 141] give transition pressures that are overestimated (by ≈1−2 up to 10 GPa) compared with those obtained by including vibrational contributions to thermodynamic properties (i.e., by minimizing Gibbs free energies instead of static enthalpies). Table 5 . Enthalpy (ΔH 0 298), entropy (ΔS 0 298) and volume change (ΔV 0 298) at T = 298.15 K, P = 1 bar and Clapeyron slope (dP/dT) of the post-spinel phase transformation (Equation (19)). Values obtained in this work are compared to experimental results [121, [124] [125] [126] [127] [128] [129] [130] [131] [132] [133] [134] [135] and other ab initio calculations [137] [138] [139] . Figure 11 . Ab initio B3LYP phase boundary of post-spinel transformation (in bold) as compared to: (a) experimental results (multi-anvil press, laser-heated diamond-anvil cell) [124, [127] [128] [129] [130] 132, 133] and calculations based on calorimetric measurements [121, 125, 126, 131] ; (b) other ab initio LDA [137] and GGA [138] calculations. Abbreviations for minerals are: rng = ringwoodite (γ-Mg2SiO4); pc = periclase (MgO); bgm = bridgmanite (MgSiO3).
Post-Spinel Reaction
The density change of the post-spinel phase transformation provides useful insights on the interpretation of the 660-km seismic discontinuity in the Earth's mantle. By assuming this discontinuity is produced primarily by the complete dissociation of Mg2SiO4 and the disproportionation reaction does not affect the stability of other mineralogical phases present in the Earth's mantle at 660-km depths (such as majorite garnet and Ca-perovskite), the density change (i.e., Δρ/ρ) of the post-spinel transformation (cf. Equation (19) ) can be estimated as [137] : where ρrng and ρpc+bgm are the density of Mg2SiO4 ringwoodite (rng) and the average density of an isotropic aggregate of MgO periclase (pc) plus MgSiO3 bridgmanite (bgm) at T,P of interest, respectively. Table 6 shows the results of the density change calculation at P-T conditions given by the ab initio B3LYP phase boundary of Figure 11 and compatible with those of the Earth's mantle at 660-km depths [103, 104, 123] , namely P = 23-24 GPa and T = 1900-2337 K. The calculated density jump across the 660-km discontinuity (i.e., 7.1-7.2%) turns out to be sensibly lower and higher, respectively, than those inferred by PREM [123] and the global seismic impedance study of Shearer and Flanagan [142] . This discrepancy can be interpreted in two alternative ways. If the 660-km seismic discontinuity were just due to the post-spinel phase transformation, the observed density jump would be reproduced only by assuming an incomplete dissociation reaction of ringwoodite in a mantle mineral aggregate; in fact, this would lead to an attenuation of the density change [137] . Alternatively, multiple reactions compatible with P-T conditions realized at the base of mantle transition zone (such as majorite garnet to bridgmanite phase transition, besides the post-spinel transformation) could occur simultaneously and could jointly contribute to determine the 660-km seismic discontinuity. This second scenario is nowadays supported by several evidences coming from seismology, geochemistry and mineral physics [122, [143] [144] [145] [146] [147] [148] . Table 6 . Calculated density change (Δρ/ρ; see Equation (20)) of the post-spinel phase transformation across the 660-km mantle seismic discontinuity, as compared to geophysical models [123, 142] . The results of another DFT-GGA simulation [137] are also shown for comparison. Abbreviations for minerals are: rng = ringwoodite (γ-Mg2SiO4); pc = periclase (MgO); bgm = bridgmanite (MgSiO3). Δρ/ρ (%) (rng → pc + pv) 7.1% 1 9.3% 5 ± 1% 7.9% 3 7.2% 2 1 Calculated value at P = 23 GPa and T = 2337 K. 2 Calculated value at P = 24 GPa and T = 1900 K. 3 Calculated value at P = 23.2 GPa and T = 1900 K.
Conclusions
The main conclusions of this work can be summarized as follows:
• At ambient pressure, ab initio thermophysical properties of MgO (such as α and KT) show a good agreement with experimental data up to relatively high temperatures (i.e., T ≈ 1800-2000 K), then deviations occur due to losing the power of the quasi-harmonic approximation at high-temperature (and low-pressure) conditions. Nevertheless, B3LYP results seem to show a less marked deviation in thermal expansivity with respect to other density functionals (e.g., LDA) under those conditions. Thermodynamic properties at low and up to relatively high temperatures are accurately defined by ab initio B3LYP phonon dispersion calculations. The level of accuracy with regard to current calorimetric results is around the experimental uncertainty (i.e., 1-2%) throughout the whole range of experimental measurement (i.e., T = 298.15-1000 K).
• A first principles Mie-Grüneisen EOS formalism (splitting pressure into static, zero-point and thermal contributions) gives reliable and physically-consistent P-V-T relations for MgO up to lower mantle conditions, provided that an accurate description of lattice vibrations and phonon density of state is available. Quasi-harmonic thermal pressures turn out to be rather insensitive to both volume compression and LP-HT deviations.
• P-V-T equations of state based on finite strain theory (such as HT-BM3-EOS) systematically predict anomalous thermodynamic functions (like negative thermal expansion or entropy increase with pressure) at HP-HT conditions. Nevertheless, spurious effects on the V(P,T) function become relevant for MgO at pressures higher than 60 GPa, but in most cases don't have a huge impact on phase equilibrium calculations at deep mantle conditions as the ensuing Gibbs free energy differences tend to cancel out.
• Hybrid DFT and statistical mechanics calculations in the quasi-harmonic approximation accurately simulate phase reaction boundaries, such as the post-spinel phase transformation of ringwoodite (Mg2SiO4) to periclase (MgO) and bridgmanite (MgSiO3), at HP-HT conditions. Anharmonic effects, if any, are virtually irrelevant under those conditions. The hybrid B3LYP functional predicts accurate thermodynamic properties and, at the same time, reliable phase stability relations for magnesium oxide (and silicates) at HP-HT.
•
The Clapeyron slope of post-spinel phase transformation is correctly predicted by ab initio B3LYP calculations, both in sign and magnitude. The calculated value in this work (i.e., dP/dT = −2.53 MPa/K) is in good agreement with the majority of experimental investigations, especially with those based on calorimetric measurements. Although the Clapeyron slope of the phase boundary is almost insensitive to the exchange-correlation term, its P-T location strongly depends upon the choice of the density functional: B3LYP results are in qualitative agreement with previous GGA calculations, while LDA drastically underestimates transformation pressures.
The calculated density change across the post-spinel phase boundary at P-T conditions compatible with the 660-km seismic discontinuity in the Earth's mantle is different from that inferred by geophysical models. This suggests either an incomplete dissociation reaction of ringwoodite to periclase + bridgmanite or the occurrence of multiple mineral phase changes in mantle aggregates at those depths.
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Appendix A
Detailed tabulations of the most relevant thermophysical and thermodynamic properties calculated in this work for MgO (periclase, B1-type structure) are presented in Tables A1 and A2. The listed values refer to P = 1 bar and T = 298.15-3000 K. Table A1 . Ab initio B3LYP thermophysical and thermodynamic functions of MgO at P = 1 bar, T = 298.15-3000 K. Symbols: KT = isothermal bulk modulus; α = thermal expansion coefficient (thermal expansivity); VT = molar volume; CV, CP = isochoric and isobaric heat capacity; S = entropy; γth = Grüneisen thermodynamic parameter. Table A2 . Ab initio B3LYP vibrational contribution to thermodynamic functions of MgO at P = 1 bar, T = 298.15-3000 K. Symbols: Uvib = vibrational internal energy; Hvib = vibrational enthalpy; Svib = vibrational entropy; Fvib, Gvib = vibrational Helmholtz and Gibbs free energy, respectively. Table A3 . Ab initio B3LYP thermophysical properties used to calculate the post-spinel phase equilibrium (cf. Equation (19)). K0 = bulk modulus at the athermal limit (i.e., T = 0 K, P = 0 GPa); K′0 = (dK/dP)0 = pressure derivative of the bulk modulus at T = 0 K, P = 0 GPa; (dK/dT)P = temperature derivative of the bulk modulus, with KT = K0 + T·(dK/dT)P; α = thermal expansivity (i.e., α = α0T + α1 + α2T −1 + α3T −2 + α4T −3 ); CP = isobaric heat capacity (i.e., CP = a + bT + cT −2 + dT 2 + eT −0.5 ). Abbreviations for minerals as in Figure 11 . Figure 11 ). Abbreviations for minerals and labels as in Figure 11 .
A detailed comparison between the post-spinel phase boundary calculated ab initio in this work and selected experimental results obtained in the laser-heated diamond-anvil cell [128] or multi-anvil apparatus [132] is shown in Figure A2 . Linear best-fits of experimental runs are also indicated (red and blue lines in Figures A2a,b, respectively) . [128] . Best-fits of experimental results are also indicated. Abbreviations for minerals as in Figure 11 .
